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摘要

本研究探討部分性觀察馬可夫決革過程，方于離散性無限時間幅度下之最佳檢

查 修復 重置政策。首先，假設狀態空間皆為可數有限，且其特定行動空間為

「不採取行動、期研按查、期初瞬時修復與重置」。再者，實施檢查需耗費成

本，唯可確知系統實際狀態﹔然除重置行動外， 4未取修復行動，並未能確保系統

回復至最佳狀態。據此，建構最大總期望折現報國11 遞迴式，在隨機優勢與單調概

似牢等偏序，以及二階全正條件下，推證各項重要結果，顯示最佳改革結構，

具有將狀態機車向量空間，分割為呈 ＇｝ 五區域之特性。其次，建構比較互其行

動空間「不採取行動、期末瞬時檢全與修復、期研瞬時重置」典「不採取行動、
期初檢查、期末瞬時修復與重置」等模式之重要結果回最後，彙述後績相關研究

供參考。
關鏈詞：部分性觀察馬可夫決策過程、隨機優勢、單調概似率、二階全正、槍

查←修復一重置政策。

ABSTRACT 

This study examines op七imal inspection-repair-replacement. policy for the discrete-time 
partially observable Markov decision processes over an mfinite horizon in which the st叫e
space is finite and the ac七ion space consist of “no action, inspection a七 beginnin臣， instanta·←
neous repair and replacement at beginnmg.’, Upon mspection to determine the precise state 
of the system, an additional cost is required It is noted 七hat repair canno七 return 七he system 
to an as-gcod-as-new s七ate. First, we construct the recurs10n to maximize the expected total 
discounted reward. Useful results are derived under the conditions of partial orders, namely 
stochastic dominalice a11d monotone likelihood rat凹， as well as the totally positive of order 
two Consequently, we show tha七 the optimal policies have the structure which break up the 
space of state probability vectorn into at most 五ve region. Ne訓， al七ernate mo吐eling results 
are set forth witlun two different action spaces：“no 卸ction, mstantaneous inspection and 
repair at end, instant缸ieous replacement at beginum臣，1 ﹔“no acti凹， inpect10n at bcgmumg, 
mst缸1taneous repair and replacement at end" Finally, several relevan七 studies 叫G presented 
for further considera七ion.

Keywords: partially observable markov decision process田（POMDP's), stochaslH:<lumi
nance, monotone likelihood ra七10, to七ally positive of 01 der two, iuspec\10n­
repair-replacement policy. 
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I. INTRODUCTION 

The problems of Markov decision proc臼ses (MDP's) subject to deteri­

oration have been 甜dressed by considerable literatures (for surveys and its 

application日 see Barlow 吼叫（1965), McCall (1965), Pier也Ha and Voelker 

(1976), Sherif and Smith (1981), Heyman and Sobel (1984), White (1985), 

White and White (1989)). For 組位叫lent ov位view of partially observable 

Markov decision proc臼ses (POMDP冶）， see Monahan (1982). POMDP is a 

generalization of a Markov decision process which permits uncertainty regard­

ing the state of a Markov process and allows for sta個 information acquisition. 

Later White and Scherer (1989), a吋 White (1991) integrate several compu七a

tional algorithms for 七he POMDP＇日 problems. Note tha七七he POMDP ca且 be

converted into a且 equivalent of a comple七ely observed MDP, following Astrom 

(1965), Sondik (1978), Sawaki (1963), Hernandez-Lerma and Marcus (1987), 

Bertsekas (1976). 

Results characterizing the optimal policies for POMDP’s differ depend­

ing on the specific assumptions of the model. The ideal conclusions are for 

the case where it is assumed 七hat the underlying state of the system can 

be compl巴七ely d巴tern

(1962), Ros日（ 1971), Smallwood and Sondik (1973), Ka吋er and Ravi、r (1974), 

Eh mfeld (1976), Rosenfield (1976a,b), Wh加（1977,1978), Luss (1976, 1983), 

Serr此 and Marcu日（ 1991a,b)). Moreover, most models assume th的 a repaired­

replaced sys七em often re七urns to state which is as-good-as-new. In actual case, 

many systems subjec七七o d巴terioratio且， including military equipment, elec 

tronic produc七日， and manufacturing sys七ems, are impossible 七日 resume to the 

as-good】缸s-new state despite repair. 

Summarizing results from previous related studies, we see that general 

models with inspection, rep剖r and replacem巴的 options have not y的 been 

solved. Hence, we rela芷 this assumption and presume that 七he action space 
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composing “no action, inspection, repair and replacement," bring forward the 

cons七ruction of 七he recursion for 七he optimal value function. 

This paper adopts s七ochastic dominance （主st) and monotone likelihood 

ratio （全mlr) par七ial orders, which are presen七ed in Karlin and Rino的（1980),

Lovejoy (1986,1987) and Fern如dez-Gaucher包nd et al. (1991) for POMDP＇日

problems o且 the order of the state probabili七y vec七ors. Totally positive of order 

two (TP2) in Albright (1979) also applies to identify 七he preferred ranks for 

the system deterioration. Furthermore, under some reasonable conditio且sand

relevant properties, such aR isotone (anti七one) function discusRed in Topki日

(1978) and Lovejoy (1985), we are able 七o arrive at the optimal struc七ural

results, similar to those obtained by Ohnishi et al. (1986)’ and Wu and Cher 

(199 1 ) 

This paper is organized as follows: Section 2 describes 七he model in detail 

and 吼叫巴B several definitions; Section 3 provides some asRump七ions ﹔ Section 4 

formulates the recurnion of the optimal inspection-repair-replaceme的 problem

under partial observation over finite and infinite horizons. In Section 5, well­

known results for the optimal valu巴 function and optimal policies are derived. 

Sec七ion 6 describes the alternate modeling resultR. The paper concludes wi七h

a discussion on potential issues of the model. 

II. R在ODEL DESCRIPTION AND DEFINITIONS 

We cons他r the disc叫e-time Markov decision processes {x,, t = 0, 1, 2, .}, 
having s協t巴 space S where S ={1, 2, . , n} Here, 1 represen個 the be吼叫ate

and n the w01：日七日ta七e. Given 七wo sta七es i and j, i < j m巴ans that the perfoi,-~ 

mace of state j is wo~·se than that of 訕訕e i. We also le七 r = (r1, ..’ T 

and r stands for、 the reward vec七or, whBre ri denote日七h戶eimm巴diat巴 reward in 

E七at巴 t which is 立O且increasing i耳 stat巴 number. It is aRRumed 七he system un­

dergoing de七erioration is monitored imperfectly at each epoch t, t = 0, 1, 2，因．．

一 155 一



吳森琪

For convenience, we first de宜ne the space of s七a七e probab山ty vectors II ( S), 
n 

where IT (S) ＝﹛πε Rn: 0 三的三 1，芝 11"; = 1}. Hence, the only avail-

able information about the state space to the decision maker is to specify a 

probability vectorπwith eleme帥呵， where 71"; = P{x, = i} 
The decision maker haR four alterna七ives at every time period from the 

action space A ={0,1,2,3} and αE A, where 0,1,2,3 de1叫e 七he decision 

for no action, inspection at beginning, instantaneous repair and replacemen七

的 beginning, respectively. It is assumed that an inspection cost, denoted by 

I, is accrued 七o be independent of 七he underlying state. After inspection we 

can iden七ify the precise state of the system. We also assume that only when 

replacement action is taken in state i with state-dependent cost C;, can the 

system be restored to an as-good-as-new state. Due to the fact that repair does 

no七 restore the system to the best state from its current state i, but probably 

to a cer七ain better state q, q ~三 z The repair cost of returni且g to the state q 

is Mt Then, let M" = (0 0 』,fq 』45 Nfq), and Mq denotes the 
、＇ ...’, q'.. ' i ' ' n/ 

repair cost vector. 

Furthermore, we let transition m的rix under “action a” be pα ＝峙﹞ηxn,

where Pfj represents the tra1 

formed，七hen it moves to state j. Specifically, P0 i日七he Markovian deterioratio且

matrix where no action is 七aken. For each decision epoch, the state of the sys­

tem is observed partially by some monitori且g mechanism, a 且nite number of 

observations is received. L的 0 ＝﹛1,2, .. ,w}, and 0 represe耳ts the obser 

vation space. We also let 七he observation matrix be Q＂ 三個﹔klπ×w where the 

qjk represents the conditional probability of observation, Yt+i = k, given that 

xt+l = j and action 且 is performed. Here {Y, E 0, t = 1, 2尸﹒﹜ is the observa­

tion proc間 Fi叫川e al叫et 7rPα ＝ ((7rP")1 ，（πP")2,. , (7rP心） ε II(S),

andπpαdesignates 七he one-step 七ransition probability vector that s七a七e prob 

ability vector is 7r and action a is taken. The controllabili七y of observation 
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processes depends on the choice action a in eacl~ period, and is related by 七he

following known co且di七ional probabilities: 

σ（7r,a) = （σ（ ll7r, a） ， σ（217r, a), . , u(wl7r, a)), 

and 

。（7r, a, k) = (e(ll7r, a, k), 8(217r，叭）， . , e(nl川的）

n (7r p叫 J
whereσ（ kl7r,a) = （♂αQ")k and e(j I們， k) ＝一一斗~ for all πε 日（S),

（πpaQD)k 

and αεA 一﹛1﹜，

To constr叫 an optimal policy over an infini七巴 horizon, we let v[ （π） 

deno七e the optimal expec七ed total discoun七ed reward in periods t through 

T, discounted back 七o the beginning of period t, given the s七ate probability 

vector 作， The problem is to obtain an inspcction-repair-repla 己ement policy 

maximizi時也e expected total discounted reward with pε ﹝0, 1] over infini的

horizon. 

Before considering th巴 assumptions of the model, we need to de五llC the 

following 

Definition 2.1 

F＂ 三﹛fε R": Ji 三 h 主．．．主 Jn﹜， where f = （扎 h, · , fn)' That is, 

pn denotes 七he set of all n dimensional vectors with nouincreasing components. 

We then de五ne the following 七wo partial orders: 

Definition 2.2 

Given πa吋叮fε IT(S), we say that 

k k 

宵？＿ ,t 1f1 if 2:: 阿三三〉﹔ for MεS﹔ 

均t
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and 

T 主mlr πF if i 三 j impliesπ叫主呵呵 for i, j ε s, 

where ﹔三，， and 2空間tr represent the partial orders of stochastic dominance and 

monotone likelihood ratio respectively. 

Definition 2.3 

pαis said to be the 泊tally positive of order two (T凡）， if 

Pf; Pa 1 
n. n I ﹔三 0 for k 主 i, l 三 j，比 j, k, l εS，αEA 一﹛2,3﹜

Pkj P"kt 

Definition 2 .4 

L悅耳（ II(S), 2'.mtr ) be a partially ordered space, we 叫 that <T? 

II(S)× A x R • R has 叫one d蜘ences on ( II ( S） ，三mlr ) , if <T? （甘， a,v)

＠（甘， a', v）主 <T? ( 7l"’，日， v）一 <T? ( 1「＇， a',v＇） ﹔ and <T? : II(S)× AxR • R has antitone 

differences on (II ( S），三叫r),if<T?（宵，川崎（宵，向）三＠（π＇， a, v ） 一帥，1你）

for 7l" 2 mlr 11"1，作用f 巴（ II(S） ，這mlr ），叫自主川紅 A

III. ASSU孔!IPTIONS

The basic assumptions are sta七ed below: 

(Al) Pαis an × n Markovian deterioration matrix for P,1 < 1, iεS 一﹛n﹜

and Pij = 0, j <"i where a εA →﹛2,3﹜. It implies that po and P1 are 

upper triangular. We also assume that po and P1 have T P2 property. 

(A2) Q" is a n × w T P2 matrix for a E A 一﹛1﹜， and Q0 = Q2 = Q3, i.e., 

qJλ ＝ q]k = qJk for j ε S,k E 0. 

(A3) -M月 pn

(A4) -C ε F". 

(A5) R + lvlq ε pn 
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(A6) R+ CE F" 

(A7) Mq 十 Cε F".

(A8）一C+Mq E F". 

(Al) claims tl叫七he system will deteriorate when no action or inspection 

is performed, and l七 has the IFR property (see Derman ( 1963) and Rosenfield 

(1976a), in which a straightforward result is that T九 implies IFR). The de­

terioration will accelerate in its worse state. We also consider the repair or 

replacemen七 action at 七he beginning so as to improve the current state or 七o

restore to the b臼七日tate. (A2) implies 七hat the observation matrix i日 indepen­

dent of the actions, excluding inspection, after which the be七七er s七ate gives 

rise t口 better observa七ion丘 (A3) and (A4) state that repair and replacem巴的

costs are 且0吋ecreasing in state. (A5) a吋（A6) assure that the performance 

of repair and repla巳emer比 are nondecreasing in state. (A 7) shows the gaps 

between the replacement and repair costs tend to get smaller at each deterio』

ration 訕訕e In another words，七he increasing rate of th巴 repair costs becomes 

grea七er than that of 七he replacement costs. Last旬， the opposite condition in 

(A7) i日 illustrated by ( A8). 

IV. MODEL FORMULATION 

Let if?: II(S) x Ax R • R, we then e帥的li日h the following recursion: 

vi( 7r) = r~扭扭（7r爪， vf+1l﹜

=max 

'lrT 十 {J~ σ（k ］叮， o)vr+1 (e （甘7 日， k))

昕一 I+P2J7rP如vr+l(ei)
'=l 

7r(-Mq) + Tq + {J :Lσ（k ］霄， 2Jvr+l (e （前，的）

π卜的＋ r1 + {J~ σ（坤， 3)v[+1 (e （咐，的）

一 159 一
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fort= 1，丸 ,T 1, and v：［：（π）三日 for allπε II(S). 

We let v[(7r) = v （π）的 T → oo. The new recursion is given by the 

following. 

v （π） = 1!1t1﹛叭叭， v）﹜

=max 

7rT ＋ β 三二 σ（ kl7r, O)v(e仰， 0, k)) ,a=O 

昕一 I ＋ 芝（7rPo）州的 ,a=l 
•=1 

7r( Jvfq) + Tq ＋ β芝 σ（kl 宵， 2)v(e （咒川） ) ,a=2 

7r(-C) + r1 + ,8 l： σ（ki7r, 3)v(e(7r, 3, k)) ,a=3 (4.2) 

Since we assume that the state levels for system deterioratio且 C組 be

observed 七hrough inspections, returned to a better state after repair, or rese七ed

七o an a呵。od-a品－new 吼叫e by replacemen帆 then v ( 7r) becomes 

v(7r) = 1!1l'1﹛＠（叭， v ）﹜

=max 

們 ＋ ,BL: σ（帥， o)v(e （州的） ,a=O 

昕一 I ＋ 芝（叮po)iv(ei) ,a=l 
•=1 

7r(-Mq)+rq+,BL σ（ kJeq ， 伽（e（叭叭） ) ,a=2 

π（一C) + r1 + ,B'L, σ（ kl計，伽（e( e1, o, k）） ，但3 (4.3) 

for all TεII ( S), where eq denotes the qth eleme的 of state probability vector 

which 1日 1

V. STRUCTURAL RESULTS 

To s七吋y the cl凹acteris tics of !I? ( 7r ，且， v) and 吋

Lemmas. 
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Lemma 5.1 Ifπ 三mlr 咐， then T 主st 7r1 for any 7r, 7r1ε II(S). 

Proof: Refer to Lemma 5.1 in Fern孟吋ez-Gauchera吋 et al. (1991). 口

Lemma 5.2 If A is a k x l T九 matrix and B is a l × nT九 matrix, then 

the product AB is a k × n T P2 matrix. 

Proof: It is identical to Lemma 4.3 in Ohnishi et al. (1989), a吋 so the proof 

is omitted. 口

U帥I assur 

following L巴mmas hold,. 

Lemma 5.3 If T 主mlr· 7r1. then 叮pα ﹔三叫T 甘，pa

Proof: Sinceπ 2'.mlr 7r1 implies that (;) is T凡 fror h巴 d巴finitions (2.2) and 

(2.3），岫枷s fro 

we have 7「Pα ﹔三巾Ir 7r' pαi 口

Lemma 5.4 If 7r 主叫r 'lr＇＇七hen li(7r，仇的主mlr Ii （π＇， a, k). 

Proof: From L巴mni.a 5.3, we have 7rPa 注冊Ir 'lr1 pα’ i.e., 

(7rPa)i (7r'Pα）τl 
︱﹔三日 for all z 三 j and i,j εs 

(7rPa)j （作，pa)j'

Hence, 

。(ii甘，自， k ） 。（包︱π仁 α， k) 

。(jl帆 α， k ） 。UIπ＇， a, k) 

which completes 七he proof. 口

（甘pa)iq在（叮Ipa)iq在

(7r paQa)k （叮＇PαQ")k

立竺坦主豆豆迪生
(7rPα Qa)k (7r'PaQα)k 

_a _a I (7rPα ） i 析，pα ）i
'ik'lik 一」

（πpaQa)k(7r'PaQa)k I 
(7rPa)j （而pa)j

三玄。

Lemma 5.5 Under the assumption (2), w巴 hav巴。（宵，日， h） 主mlr Ii （霄，見的

for h 三 k and h, k ε0，日 εA 一﹛2,3﹜．
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Proof: With regard 七o the aRsumpp七ion that Q" is a T P2 matrix for t 三 J and 

h 三 k, it follows directly from definition (2.3), 

。(ii宵，自， h） 。（ii宵， a,k)

B(jlπ！自， h） 。(jlx ，品， k)

（叮P＂）在qfh ( 1r pa )iq品
(x P"Q" )h （πPαQα)k 

(xP")iq;h (xP")iq;k 

(xP"Q")h (xPαQα)k 

(xP")i(xPα）j 
q;L q'fk 

（πP"Q")h （叮P"Qαh ' n n 

q;h q;k 

This i日 equival巴的七o B（吭吭 h） 主叫r e （宵，品， k ). 口

>O 

Lemma 5.6 

σ（π九 α）

Under assumptions (1)-(2), if 7r 主叫r 7r’， thenσ（宵，自）三mlr

Proof: Using Lemma 5.2, we know that xPαQα 全叫r x'PαQ", i.e.σ伏，自）主mlr

σ（π＇， a ）. 口

In order to demonstrate 七he charar.teristics of the op七1mal value function 

v(x), we let f be a real valued function on Rπsuch that f : S → R＂ 巴 F"

Lemma 5.7 If T 主叫r x', then 7r f 三 x' f. 
Proof: Applyi時 Lemma 5.1 and Derma的（1963) IFR property, we derive the 

reRult straightforwardly. 口

According 七o assump七10ns (1)-(4), it is a fact that v （的 is monotonically 

nondecreasing in 甘 with respect 七。三mlr partial order. 

Lemma 5.8 If 7r 主叫r x', then v （π）主 v （的－

Proof: Since 丑， M", and Cε F", we can use Lemmas 5.4-5. 7 and recursion 

( 4. 2) to conclude tha七

心（π） = ~Ea,f﹛＠（霄， α， v )} 

162 



、

部分性觀察馬可夫決策過程下撿查一修復一重置政策

irr + ,6 ~ σ（kl丸 O)v ( 1:1 仰， 0, k)) 

們一 I+,62= （廿九。（ei) 

ir （一Mq) + Tq 十 ,6~ σ（ kl夙 2)v (1:1 （前， k))

π（一C) + r1 + ,6 ~ σ（kl夙 3)v(1:1（肘， k))

＝口1ax

的 ＋ ,Bb σ（ kl霄，’。） v (11（作人。’的）

π＇r - I+ P2=(7r'P0）州的

、

而（一Mq) +rq + ,6 ~： σ（kl7r＇，如（1:1(ir', 2，的）

計（ C) + r1 + ,6 2::σ（ klir', 3)v(1:1 （π＇， 3, k)) 

>max 

= v （而）

、
I
I
J

T m ＞
一

) 
q
υ
 

( 
π
u
 

( 
ε
 

叮叮
l l a r 

內u

n+
i 口

The following Lemmas provide su血cient conditions for the main s七rue-

七ural rernl七s.

Under the assumptions (1)-(7), if 叮主叫r 7抖， then

a) i[> （叮， O,v) i[>(ir,2,v）主＠（甘九 0月） i[>(ir',2月），

b) i[> （宵， 0月）－ i[>(7r,3月）主 i[>(ir', O,v ） 一 i[>(ir', 3月），

c）。（π， 1, v ） φ （ir,2,v）主 i[>(ir', 1月） i[>(7r', 2, v ); 

d) i[> （宵， 1月） - i[> （作， 3,v ） 主 i[>(ir', 1, v ） 一 i[>(ir', 3月）﹔

e) i[> （π＇ 2月）＠（甘， 3月）主 i[>(ir',2月）一＠（叮＇， 3月）．

Pr、oof of (a): Basedon assumptions (l)c(5), Lemmas 5._4 a吋 5.(i弋5.13，里e kgow 

Lemma 5.9 

七hat

、
、
、
』
’
，
，

) 
，
此

nu q 
ρ
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AHu r
’
，
』
’
‘
、
、
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ρ
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、
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l 
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Arrnlogon討ly, we can prove the remaining reRU!ts. 口

By 1叩開 definition (2.呦， Lemma 5.9 reveals 七hat <I> 伏，品， v) haR anti tone 

d iff0rnnces on 

( il(S）之間lr ）× Ao,Ao 三﹛0，吟，

( il(S), 2'.mlr) x A2' A2 三﹛1,2﹜﹔

(II (S），主叫r )× A\ A1 三﹛0,3﹜﹔

(II (S）之間lr ）× A3,A3 三﹛M﹜，

( il(S）：三mlr ） × A4,A4 三﹛2,3﹜ respe你向

Hence, there existR an optimal policy which satisfieR Lemma 5.9, mono­

tonically divided in七o at most four regions, no ac七10n, inspection, repair, and 

replacement. It means that 七he more deteriorated the 吼叫e of 七he system is , 

th巴 high（、E the action is taken. 

As in the previous lemma, by assumptions (1)-(6) and (8), the following 

lemma is yielded. 

Lemma 5.10 Ifπ 三mlr 1r1 七hen

a） φ（π守吼叫 φ（7r,2,v）主＠（π九 O,v） 一＠（π九 2,v ）﹔

b ） φ（π呵。‘ υ）一 φ（宵， 3,v ） 主 <l>(7r',O,v）一 <I>(7r', 3, v ); 

c) <I> （甘＇ 1.叫一 <I>(7r, 2，心）主＠（叮九 l,v ） 一 <I>(7r1, 2, v ); 

d）哇，（付， 1月）一＠（叮， 3,v ） 主 <I>(7r',1月） - <I> （π’， 3, v); 

e ） φ（π， 2 ， υ） φ（甘， 3,v ） 三＠（π人 2,v) <I> （作，， 3, v). 

Proof: It is similar to Lemma 5.9 and thus is omi七七ed. 口

Lemma 5.10 帥的問七hat <I>仰，品， v) has anti tone differences on 

( il(S），這7叫r ）×肘， Ao 三抖， 2﹜﹔ (II (S），主制r )× A\A1 ＝﹛州，

( Il(S）之咐）× A2,A2 三﹛1,2﹜﹔ (II (S），三叫r ）× A3,A3 三﹛M﹜ r呵叫v吻
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However, （凹的主叫） h帥的伽ne differenc臼 on A4 三﹛P﹜

Obvious旬， the optimal policy sa七isfying Lemma 5.10 i日 divided at most 

fom 時ions (namely no action, inspection, replaceme凶， a吋叫）air), bu七 differs·

' from the previous lemma in the replacement and repair ord巴r. We see 七hat

the more deteriorat巴d the state of th巴 system is, the higher the action is taken 

on A日， A 1, A2, and A 3. The more deteriorat巴d the state of 七he system is, the 

lower the action is taken on A 4 

Lemma 5.11 ＠（π ， a, v) ia an a伍的 function for αεA {0} 
P叫 Let 叮士（1 卅＋ A7r2 蚯蚓吼叫叫叮1月2ε （ IT(S), 2'.mlr) · 

From recursion (4.3), we obtain 

。（何， 1, v) ＝們﹒ I 十 f32= （πpo ）州的

一﹝（ 1 一卅刊吋T 一﹝（1λ）I ＋ λI﹞

十（卜 λ）f32］πlpO）山 （ei) + ,\(3 °L,(7r2 po ）州的

一（1 一 λ）＠（π1, 1月）＋ λ。（7r2,1,v)

By the same token, the following equa七ions can be derived. 

φ （7r, 2月） = (1λ）。（7r1, 2月）＋ λφ（π代 2月）？

。（π， 3,v) = (1 一 λ）＠（π1,3,v) ＋ λil?(7r2, 3, v ）. 口

Lamma 5.12 ii? （宵， 0月） is a piecewise linear convex function. 

Proof: 

i) Let 7r1月2ε （ II(S），主mlr ） 叫叮＝ (1 λ）π1 ＋ λ叮叮叫 ε ［O, l]. From 

recursion (4.1), consider the case under 七he finite horizon T, we have 

。（π， 0, vf) = 7rr. 7rr is a piecewise linear co的ex function. 

ii) Suppose i1?(7r, 0, v[+1) is a convex function, then v［（叫 h also convex. 
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(1λ）（甘I pDQO)k ＋ λ（π2pOQD)k 
iii) Fort < T - 1, and since = 1, we get 

（πPDQD)k 

φ（π O,v[) ＝們＋ ,e 2= a-(kl霄，的v[(e （π1 叭））

Tf ((7rPD)jqJk)jE \ 
= 7rr+f32=(1「pDQO ）叭 l ε ︱

k=I \ (7rPDQD)k ) 

w ((1 一 λ）（πI pDQD)k ( （πI pD)jqJk) jεs 
= 7rr+f3L （πpoQ )kv, ( ！’一一，－

＋λ（7r2 pDQD)k （仰伊）1品）jεs﹜
（πPDQD)k(7r2 pDQD)k ) 

三叮r + (1λ） 州伊)kv[ ( （且提）卅) 
+>.,6孟州Qo)kv

= (1λ） <I>，一 r （π ， o,v［）＋ λ<I>t-1 （叮 ， o,v[)

where 

（（叩門jqJk)jES = ((7rP0)1也（甘p0)2qgk,. ，（πP0)nq~k)· 

The result then follows by induction. 口

Above Lemmas 5.11 and 5.12 initia七e the following: 

Lemma 5.13 

a) <I> 伏， α＇ v ） 一 φ（霄， 1月） are affine functions for αζA ﹛1﹜ 

b) <I> （宵， O,v)-<I> （几 1月） is a convex function. 

In addition to characterize the 的ructural results of optimal inspection­

E巴p叫Ir-

ac七io且．

Da ＝ ﹛πε （ Il(S）﹔三叫r ）：你）＝＠（宵， a,v） ﹜ for αεA 
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Lemma 5.14 Di 叫 convex subset of ( II(S）之耐）

Proof: According to the definition of Da, we know 七hat if 甘亡 Di and αε 

A 一﹛1﹜， then \fl （帆風 v ） 一＠（κl,v）三日 for all 且 εA {1}- Similarly, for 

'Jr ＇ εDi,\T> （叮＇， a, v ） 一＠（計， a, v ） 三。 Provided the above and L巴mma 5.13 ‘ 

七hese inequalities hold: 

\fl ( (1 ←加＋ λπ仁川 \fl ( (1 λ）叫 λ爪 1月）三日 for all αεA ←﹛1﹜ 

The proof is 七herefore done. 口

From Lemmas 5.9, 5.10 and 5.14, we arrive at 七he main structural result曰：

Theorem 5.1 (At most five-region policy I): 

Under assumptior 

and λ4,0 E三 >-1 三 λ2 三 .\3 三 .\4 三三 1 such 七hat

Do 

D, 

Do 

D3 

D2 

:::> 

>

二3

:::> 

二〉

﹝π1, (1λi)7rl 十 λ1π2﹞

﹝（ 1λ1)7rl ＋ λ川（1 一 λ卅＋λJ﹞

﹝（1λ加1 ＋ λ扎（1λ3）π1 十 λ3π2﹞

﹝（ 1 一 λ拼＋ λ抗（1 一 λ4)7rl ＋ λ47r2﹞ 

﹝（ 1 一 λ4)7rl ＋ λ朮叮21

where ﹝7r＼叮2］三﹛πξ Rn 7r=(l 一 λ）計＋ λ7r2,λE [O, 1]}- 

Above theorem verifies 七ha七七he optimal policy h前的 most fiv巴 control

regions which are generated by λ1 ） λ2 ， λ3, and λ4. It is clear that Lemma 5.14 

gnarantees an inspection region in between two no ac七1011 regions. 

Theorem 5.2 (At most five region poli吋 II):

U吋er assump七ions (1)-(6) and (8), if 7rl 主mlr 7r2, then there at mos七 exist

λ1 ） λ2 ， λ3 and .\4, 0 三 >-1 三 λ2 5三 λ3 三 λ4 三三 1 such 七hat

Do :::> [ 7r1, (1 一 λ加1 ＋ λ1何2﹞
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Di ::J ﹝（ 1 一 λ1 ）π1 ＋ λ川（1 一 λ拼＋ .\271"2] 

Do :::i ﹝（ 1 一 λ2 ）π1 ＋ λ2叭（1 一 λ3)7!"1 ＋加2﹞

D3 :::i ﹝（ 1 一 λ3)7!"1 ＋ λ拭（1 一 λ4 ）πi + .\4 71"2] 
D2 :::i ﹝（1λ圳1 ＋ λ朮討﹞

where [7r1, 1門三﹛πε Rn ： π ＝ (1λ）7rl ＋ λ叮2， λε ﹝日， 1］﹜．

Proof: By Lemmas 5.10 and 5.14, we obtain the results straightforwardly. 口

Compari且g Theorem 5.1 with the above theorem, the op七imal policy 

structures indicate that repla口ement 組d repair regions are interchangeable. 

In view of management applications, Theorem 5.1 is applicable 七o general sys­

terns where the replacement cost is cheaper 七han repair cost during the worse 

state; however, under a酬mption(8), Theorem 5.2 is applicable to cos七ly sys­

tems, e.g., mili七ary defense systems. Such systems usually are di血cult to 

ob七ain and its replacement costs are to high, especially from a certain worse 

吼叫巴 on, the gaps between repair and replacemen七 cos七日 tend to narrow. Thus 

the repair actio且 is always a preferred alt巴rnative.

VI. ALTERNATE MODELING RESULTS 

The above resul個 focus on an inspection-repair-replacement model in 

which all actions are taken at beginning, while the repair and replacement 

cos七s depend on the sta七e probability vec七or and reward earned relevant to the 

improved 吼叫e In order to 臣的 more understa且ding of the porblem, we probe 

into the below two differen七 models.

First, we co且sider the case where the actions compose of terms for “no 

actio且， instantaneous inspection and repair at end, instantaneous replac巴ment

at beginning," Obviou日ly, the inspec七ion cos七 I must be discounted, and the 

cxpec七ed repair cost differs from th訕。f recursion (4.3). Hence, the recursion 
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formula can be expressed as: 

v(7r) = 1!1Eaf﹛φ伏，且， v ） ﹜

1fT + ,8 L σ（帥， O)v (e （甘，。’的） ,a=O 

叮γ ＋ ,8 ﹝一 I+ L（叮P口）；v ( ei)] ,a=l 
=max 

耐 ＋ ,a{

7r( C) + r1 + ,8 三二 σ（klι 伽（e(e\ o’k)) ,a=3 (6.1 ) 

To char且cter 巴七he structure of the optimal policy, the recursion ( 6.1) 

can be rewritten as follows: 

1fT + ,8 L σ（kl咒 O)v(e （丸。7 的） ,a=O 

們 ＋ ,8 ﹝ － 1+2:: （作po ）戶（ei)],a=l 
v （π） =max 

1fT + ,8{ ［~ ((7rP0)jq叫（一Mq)＋叫叫

7r( C) + r1 + ,8 t= σ（kle1,0)v(e（旬， k)) ,a=3 (6.2) 

I七 is 日七raigh七forward to show the proofs of Lemmas 5.9 through 5.14 and 

the main Theorems 5.1-5.2 go through directly with 1ecl的ion (6.2). Hence, 

structural results remain the same. 

Second, we treat the case where "no action, inspection at beginning, 

inst an七aneous repair and replacement at end.” Under these conditions, the 

optima.I policy can be constructed from 七he following recursion. 

v （π）＝但E﹛墊付， a,v ） ﹜
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πr ＋ β2： σ（kl作， O)v(e仰， o, k)) ,a=O 

r-1 ＋ β芝（而0）州的 ,a=l 

們吋主川）(e川）﹞（一Mq） 十 v(eq)} a=2 

附吋是σ（kl削）（川））﹞（山（e1)} ,a=3 

Similarly, it can b~ written aR follows: 

πr ＋ β 三二 σ（klπ， O)v(B（肘， k)) ,a=O 

πγ 一 I+ ,B~ （πP凡旬（e;) ’a二1
v （π） =max n-r ＋恰（付pD)j

叫（﹝~（廿pD)jqJk) jεS﹞（ C）＋叫el）｝’a = 3 

(6.3) 

(6.4) 

Comparing rec1的ions (6.4) and (6.2), we see that 七heir difference occurs 

at inspection and replaceme風 however, recursions ( 6的 and ( 4.3) hold the 

difference at repair 個d replacemen七. From here, we note 七hat the common 

difference between (6.4) and (6.2）。n the one hand and (6.4) and ( 4.3）。n the 

other hand is the effect of replacemen七 ac七i凹，七hough this common difference 

does no七 affect the proofs of the main structural results in this paper. 

VII. CONCLUSION AND FURTHER STUDIES 

In this paper, we have modelled the discrete-time, infinite horizon for 

Markov inspection-repair replacement problem which is partially observable. 

Using partial orders of ﹔三st and 主mlr, and T P2 to identify 七he preferred ranks 

for the state probability vectors of 七he system deterioration. Moreover, under 

several reasonable co吋itions and releva的 properties (such as isotone and anti-
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tone differences), in which the 的r叫ural results are developed ar sun 

as follows. 

1. Based on assumptions (1)-(7), for “m action, in叩ection at beginning, 

instantaneous repair and replacement at beginning," we have shown that 

the optimal policy has a七 most 且ve region structure. These five regions 

are "no action, in日pection, no action, repair, and replac巴ment.”

2. Under assump七ions (1）扣） and (8), yve get the different results, in which 

the regions of repair and replacement interchang·e. 

3. Alternative models of "no action, instan七aneous inspection and repair a七

e且d, instantaneous replacement at beginning’” and "no ac七ion, insp巴c­

七ion at beginning, instantaneous repair and repla.c巴ment at 阻止” are

present的， and the main resul七s obtain巴d in 1 and 2 remain the sam巴，

The further reRearch includes: 

Developing the numerical techniques for solving POMDP'S. 

Studyi1 on 七he semi-Markov dec凶on processes (SMDP’的 with partial 

observation under the above models. 

Considering continuou日七ime for POMDP'S. 

τ'reati月七he inspection repair-replacement problem as the 吼叫巴 independent

of inspec七ion cost and taking the probabili七y of success in a precise sta七日

in七o considera七ion.

Searching for the alternative of optimal policy structure if there exis七s a 

吼叫istical type I or type II errors for the imperfect inspection. 
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